Name: ________________________ Class: ______ Class No.: ______ Marks: ______

S6 MS Chapter 1 Note


Chapter 1 Permutations and Combinations

[1.1 The Multiplication Principle of Counting]

Example  AUTONUM 
In traveling from Hong Kong to Los Angeles, Mr. Wong wishes to stop over in Hawaii. If he has 4 airlines to choose from in the trip from Hong Kong to Hawaii and has 3 airlines to choose from in the trip from Hawaii to Los Angles, in how many ways can Mr. Wong travel from Hong Kong to Los Angles?

Solution
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Example  AUTONUM 
A restaurant offers 2 different soups, 5 different main courses and 4 different drinks in its lunch menu. Each order can select a soup, a main course and a drink from the menu. How many different lunches are possible?

Solution

Soup


Main Course

Drink
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The Multiplication Principle of Counting


If a first operation can be performed in n1 ways, a second operation in n2 ways, a third operation in n3 ways, and so forth, then the sequence of k operations can be performed in n1n2 (…( nk ways.

Example  AUTONUM 
A lady has 5 blouses, 6 skirts, 3 handbags and 7 pairs of shoes. How many different outfits can she wear?

Solution
The different number of outfits = 

Exercise 1A

1. There is a 6-digit Personal Identification Number(PIN) encoded in each bank card for security reasons. Find the number of possible PINs

(a) with repeated digits allowed,

(b) with no repeated digits.

2. In order to travel from city X to city Y, Peter has the following choices:

A. He can fly directly from X to Y on one of the 3 airlines.

B. He can fly from X to another city T on one of the 4 airlines and then travel from T to Y with one of the 5 bus lines.

(a) In how many ways can he travel from X to Y?

(b) Find the probability that Peter will go from X to Y through city T.

3. (a) In how many ways can 5 true-false question be answered?

(b) In how many ways can 10 multiple choice questions, each with 4 options, be answered?

(c) A test paper consists of 5 true-false questions and 10 multiple choice questions with 4 options. In how many ways can this paper be answered?

(d) Assuming that the passing mark is 50 and each question carries 1 mark, what is the probability that John can pass the test by just guessing the answers?

4. Monica has several ways to spend her evening. She can read a book, watch a video or go for a drink. She can choose between 7 books, 5 videos and 3 coffee shops. How many choices does she have if

(a) She only takes one activity?

(b) She only takes two activity?

(c) She takes all three sorts of activities?

(d) She takes 1 or 2 or all three sorts of activities?

(e) What is the probability that she has watched a video tape? 

5. Donna’s cosmetic box consists of 8 colours of eye shadow, 3 lipsticks and 4 types of blush. She makes up using either 1,2 or 3 kinds of these features. How many facial appearances are possible?

6. A three-digit number is formed from the digits 0,1,3,5,6,7 and 8. Each digit can be used by once. 

(a) How many possible numbers can be formed?

(b) How many of these are even numbers?

(c) How many of these are less than 500?

(d) What is the probability that the formed number is an even number?

(e) What is the probability that the formed number is less than 500?

7. A vehicle licence plate consists of 2 letters followed by 4 digits.

(a) How many different plates are possible with no restriction?

(b) How many different plates are possible if the letters O and I are excluded?

(c) How many different plates are possible if the letters O and I are excluded and at least one of the digits is 8?

(d) With the restriction of excluding the letters O and I, what is the probability that the licence number has at least one of the digits being 8?

[1.2 Permutations排列]

[[1.2.1 Permutation of n Distinct Objects]]

Example  AUTONUM 

A boy has 5 different toy soldiers. In how many ways can he arrange them to stand in a line?
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Solution

The required number of ways = __________________________ = __________

[[[The factorial notation]]]


Now, we introduce a new notation n!, read as “n factorial”.

[image: image37.wmf]!

!

!

!

2

1

k

n

n

n

n

·

·

·



For example, 
4! = _______________________ = _________





7! = _______________________ = _________





7! = 7 ( 6! 


Therefore, 
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Theorem

Example  AUTONUM 
(a) In how many ways can 5 students be seated on a row of 5 chairs?


(b) In how many ways can 5 students be seated on a row of 3 chairs?


(c) In how many ways can 5 students be seated on a row of 2 chairs?


(d) In how many ways can 5 students be seated on a row of 1 chair?

Solution
(a) The total number of ways =


(b) The total number of ways =




(c) The total number of ways = 




(d) The total number of ways = 
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[[1.2.2 The Permutation Symbol]]

In general, the number of permutations of n distinct objects taken  r at a time, denoted by the symbol 
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e.g.  
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But, 
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e.g. 
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Example  AUTONUM 
A girl has 3 Chinese books and 7 English books,  all of which are different.

(a) 6 of them on a shelf?

(b) The 3 Chinese books on the left and the 7 English books on the right of a shelf?

(c) All of them on a shelf with the Chinese books together?

Solution

 

[[1.2.3 Permutation of n Objects, not all Distinct]]

Example  AUTONUM 

In how many ways can the letters of the word “WEEKEND” be arranged?

Solution

Without any further consideration, we may think that the answer is ________.




However, it is wrong. Why?




We replace the 3E’s of the word “WEEKEND” with E1, E2 and E3. i.e “WE1E2KE3ND”.




7! ways will include the following cases





E1E2E3WKND
E1E3E2WKND
E2E1E3WKND
E2E3E1WKND





E3E1E2WKND
E3E2E1WKND




However, they are the same word. Therefore, we must deduce 7! by 6. In the same way,




The required number of permutations = 
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Theorem

Example  AUTONUM 
A shop window designer has 7 balloons, of which 1 is white, 2 are blue and 4 are red. She hangs these balloons in a line in the shop front. Find the number of arrangements she can make by using

(a) all 7 balloons,

(b) exactly 6 balloons.

Exercise 1B

1. Evaluate 
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2. Four playing cards Club A, Heart J, Spade Q and Diamond K are arranged in a row.

(a) List all the possible permutations.

(b) How many different permutations are there?

3. Amy, Betty, Cathy, Dorothy and Emily are the final contestant in a beauty campaign. 

(a) List the ways that 3 of them can be arranged in a row to take photos.

(b) In how many ways can the first three places be filled?

4. A baby has 4 red, 1 blue, 1 green and 1 yellow cubes. In how many different ways can these cubes be stacked up?

5. How many distinct permutations can be made from the letters of the word “EXCELLENT”?

6. 5 identical Toyota and 2 identical Honda cars are parked in a row. Find the number of different arrangements if

(a) there is no restriction,

(b) the 2 Honda cars must be parked together,

(c) the 2 Honda cars must be separated,

(d) the 2 Honda cars must be one at each end.

8. 5 boys and 4 girls are arranged to sit in a row. How many possible arrangements are there if

(a) there is no restriction?

(b) a particular boy must sit in the leftmost?

(c) the 5 boys are on one side?

(d) the boys and girls must alternate?

9. 7 distinct flags are hoisted in a post. Find the number of ways of arranging them if 

(a) 4 of the flags must be together,

(b) 2 of the flags must be separated.

10. (a) How many different numbers of 4 digits may be formed with the digits 0,1,2,5,6,7,8 if no digit is used more than once in any number?

(b) How many of the numbers formed in (a) are even?

(c) Find the sum of all the numbers formed in (a).

11. Susan decorates her Christmas tree using a series of light bulbs. She has 5 red, 4 yellow and 2 blue bulbs available.

(a) (i) If she uses all the light bulbs, how many different arrangements can she make?

(ii) In (i), how many of the arrangements will the two blue bulbs be separated? 

(b) If she only uses 10 of the bulbs, how many different arrangements can she make?

[1.3 Combinations組合]


Permutations are concerned with the order in which objects are arranged. However, in many problems we only focus on the number of ways of selecting r objects from given n objects without regard to order. These selections are called combinations.

Example  AUTONUM 
A debate team of 3 students is selected from student A, B, C and D. Find the number of possible combinations.

Solution


	Permutations
	Combinations
	Repetition

	ABC, ACB, BAC, BCA, CAB, CBA
	
	

	
	
	

	
	
	

	
	
	





The number of possible combinations = 
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[[1.3.1 The Combination Symbol]]
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Theorem
Example  AUTONUM 
Find the values of the following: 




(a) 
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(b) 
[image: image21.wmf]9

5

C





(c)

[image: image22.wmf]9

4

C


[[1.3.2 Useful relations for combinations]]

From e.g. 10, it indicates that _______ = ________. Try to compute 
[image: image23.wmf]7

3

C

 and 
[image: image24.wmf]7

4

C

, 
[image: image25.wmf]10

3

C

 and 
[image: image26.wmf]10

7

C

. What can you see from the results? They indicates that _____________ = ______________ and ______________ = ______________.

Why?
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We consider 
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Example  AUTONUM 
(a) Show that 
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(b) Using the result in (a), compute 
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Solution

Example  AUTONUM 
Find the number of possible combinations of 49 cards from a deck of 52 playing cards.

Solution

The required number of combinations = 

Example  AUTONUM 
There are 10 different bottles of red wine and 12 different bottles of white wine in stock. 

(a) A shopkeeper determines to display 2 bottles of red and 3 bottles of white wine on a rack. Find the number of possible arrangements he can make.

(b) Now the shopkeeper only wants to display any 5 bottles of wine. What is the number of possible arrangements that he can make?

(c) What is the probability that there are 2 bottles of red and 3 bottles of white wine on a rack?

Exercise 1C

Evaluate
1.

[image: image30.wmf]n

C

2






2. 
[image: image31.wmf]1

3

+

n

C


3. Two colours are chosen from the colours red, yellow, green and blue to be the colours of a logo.

(a) List the possible combinations of two colours.

(b) How many combinations of two colours are available?

(c)
What is the probability that one of the chosen colours is red?

4.
A Mark Six lottery ticket consists of marking 6 different numbers ranging from 1 to 47.

(a) How many different lottery tickets can you mark?

(b) What is the probability that you can win the first price?

(c) If each ticket costs $5, then how much do you play for buying all lottery tickets in (a)?

(d) Can you tell me why the authority set the upper limit of the first prize to be $40,000,000?

5.
A relay team of 4 persons is selected from a group of 9 runners. How many different teams can be formed if 

(a) an outstanding runner must be included in the team?

(b) a wounded runner must be excluded from the team?

(c) What is the probability that the outstanding runner is in the team?

[Ans: (a) 56]

6. 
(a) Find the number of diagonals that can be drawn in an 4-sided polygon.

(c) Find the number of diagonals that can be drawn in an 5-sided polygon.

(d) Find the number of diagonals that can be drawn in an 6-sided polygon.

(e) Try to generalize the above cases, find the number of diagonals that can be drawn in an n-sided polygon.

7. In how many ways can a group of 5 printers be selected from 6 inkjet and 9 laser printers if the group must contain

(a) exactly 3 laser printers?

(b) at least 3 laser printers?

8. According to Q7, what is the probability that a group of 5 printers be selected must contain at least 3 laser printers?

9. In the Legislative Council, a special committee of 5 members has to be formed from 10 non-official members and 7 official members. In how many ways can the committee be formed if it consists of 

(a) 5 non-official members?

(b) 3 non-official members and 2 official members?

(c) Non-official members in majority?

10. A poker hand of 5 cards are selected from a deck of 52 playing cards. How many different poker hands contain

(a) all spades?

(b) 3 Aces and 2 Kings?

(c) 4 cards with identical number or letter?

11. According to Q10, find the probability that 5 selected cars contains 3 Aces and 2 Kings.

12. Mrs. Fond has apples, oranges, pears, strawberries and pineapples in the refrigerator. She wants to prepare a fruit salad using at least two of those fruits. How many varieties of fruit salad can be made? What is the probability that she use 4 kinds of fruit to make the salad?

[Ans: (a) 26]

13. A student has 15 different books. In how many ways can he arrange 12 of them on a shelf if 

(a) there is no restriction?

(b) a particular book must be on the shelf?

(c) 2 particular books must be on the shelf and placed together?

14. Show that

(a) 
[image: image32.wmf]n

r

n

r

n

r

C

C

C

1

1

-

+

+

=


(b) 
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(((((((((((((((((Selected Questions from HKASL MS((((((((((((((((
[1994A-3]
Jack climbs along a cubical framework from a corner A to meet Jill at the opposite corner B. The framework, show in the following figure, is formed by joining bars of equal length. Jack chooses randomly a path of the shortest length to meet Jill. An example of such a path, which can be denoted by 

Right – Up – Forward – Up – Right – Forward.

is also shown in the figure.
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(a) Find the number of shortest paths from A to B.

(b) If there is a trap at the center C of the framework which catches anyone passing through it,

(i) find the number of shortest paths from A to C,

(ii) hence find the probability that Jack will be caught by the trap on his way to B.

[a. 90 bi. 6 bii. 2/5]

[1995A-3]
A teacher wants to divide a class of 18 students into 3 groups, each of 6 students, to do 3 different statistical projects.

(a) In how many ways can the students be grouped?

(b) If there are 3 girls in the class, find the probability that there is one girl in each group.

[a. 17153136 b. 9/34]

[1997A-5]
Ten seats are arranged in a row for 10 students from 3 different schools. There are 2 students from school A, 4 from school B and 4 from school C. Assume that students from the same school are indistinguishable.

(a) Find the number of ways in which these 10 students can take the seats.

(b) Find the probability that the 2 students from school A are sitting next to each other.

[a. 3150 b. 0.2]

[1998A-5]
John and Mary invite 8 friends to their Christmas party.

(a) When playing a game, all of the 10 participants are arranged in a row. Find the number of arrangements that can be made if 

(i) there is no restriction, 

(ii) John and Mary are next to each other.

(b) By the end of the party, the participants are arranged in 2 rows of 5 in order to take a photograph. Find the number of arrangements that can be made if

(i) there is no restriction,

(ii) John and Mary are next to each other.

[ai. 3628800 aii. 725760 bi. 3628800 bii. 645120]

[1999A-6]
At a school sports day, the timekeeping group for running events consists of 1 chief judge, 1 referee and 10 timekeepers. The chief judge and the referee are chosen from 5 teachers while the 10 timekeepers are selected from 16 students.

(a) How many different timekeeping groups can be formed?

(b) If it is possible to have a timekeeping group with all the timekeepers being boys, what are the possible numbers of boys among the 16 students?

(c) If the probability of having a timekeeping group with all the timekeepers being boys is 
[image: image35.wmf]364

3

, find the number of boys among the 16 students.

[a. 160160 b. 10 ~ 16 c. 12]

[2000A-6]
Mr. Chan has 6 cups of ice-cream in his refrigerator. There are 5 different flavours as listed:




1 cup of chocolate,




1 cup of mango,




1 cup of peach,





1 cup of strawberry and




2 cups of vanilla.

Mr. Chan randomly chooses 3 cups of ice-cream. Find the probability that 

(a) there is no vanilla flavour ice-cream,

(b) there is exactly 1 cup of vanilla flavour ice-cream.

[a. 1/5 b. 3/5]

[2001A-6]
3 students are randomly selected from 10 students of different weights. Find the probability that 

(a) the heaviest student is in the selection,

(b) the heaviest one out of the 3 selected students is the 4th heaviest among the 10 students,

(c) the 2 heaviest students are not both selected.

[a. 3/10 b. 1/8 c. 14/15]

Assignment 1

((( Using several pieces of paper to complete this assignment.

1. Consider the numbers formed by using all the figures 1,2,3,4,5,6 only once

(i) How many of them are divisible by 5?

(ii) How many by 25?

2. Find the number of ways to permute 4 girls and 4 boys, so that no two girls may be together.

3. How many numbers between 2000 and 3000 can be formed by using the numbers 1,2,3,4,5,6 ; each not more than once in each number?

4. How many numbers can be formed by using any number of the digits 0, 1,2, 3 but using each not more than once in each number?

5. 8 soldiers are to be posted to guard 3 separate building. In how many ways may they all be posted if no building is to be guarded by less than two soldiers?

6. How many words(different arrangements) of 3 letters can be formed by using the letters of “EXAMINATION” if each arrangement contains at least one vowel?

7. In how many ways can three different prizes be given to a class of twenty boys, when each boy is eligible for all the prizes?

8. There are nine different coloured sticks of equal length. Find how many different selections of three equilateral triangles can be made from them. (Assume only one triangle can be made from three given sticks)

9. Nine balls are identical except for their colour. Two are blue, two red, two green, two yellow and one is white. How many distinguishable sets of 3 balls can be selected from the nine?

10. A certain quiz consists of seven questions, to each of which a candidate must give one of three possible answers. According to the answer that she chooses, the candidate must score 1, 2 or 3 marks for each of the seven questions. In how many different ways can a candidate score exactly 18 marks in the test?

11. In a lawn tennis tournament, there are 11 players, of which 5 are males, and 6 are females. If we select 4 people from these 11 and hold mix-double competition, there are how many different ways of competitions?

12. Numbers are to formed from the set {0,1,2,3,4,5}, in which no figures are repeated.

(i) We can form how many 6 digit numbers?

(ii) We can form how many 5 digit numbers which are greater than 34521?

(iii) How many 3 digits number are there which can be divided by 3?

13. In a city there are 7 east-west streets and 8 south-north streets. There are how many shortest ways to go from A to D, via B, C?

15. There are seven boys and 3 girls to be arranged in a row. If the 3 girls must be together, there are how many possible arrangements?

16. How many ways to distribute equally 12 books between 3 persons A, B and C?

(( 17. Select 5 cards from a set of 52 playing cards,

(a) how many possible combinations are there?

(b) what is the probability that a STRAIGHT FLUSH is drawn?

(c) what is the probability that a FULL HOUSE is drawn?

(d) what is the probability that a FOUR of a KIND is drawn?

(e) what is the probability that a TRIPLE is drawn?
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� EMBED Equation.3  ���





We define 0! = 1.





The number of permutations of n distinct objects is n!. 





Supplementary Note for (b):


Assume the 5 students are A, B, C, D and E.


Chair 1�
Chair 2�
Chair 3�
�
A�
B�
C�
�
A�
C�
B�
�
B�
A�
C�
�
B�
C�
A�
�
C�
A�
B�
�
C�
B�
A�
�
�
�
�
�
A�
B�
D�
�
A�
D�
B�
�
B�
A�
D�
�
B�
D�
A�
�
D�
A�
B�
�
D�
B�
A�
�
�
�
�
�
A�
B�
E�
�
…�
…�
…�
�
A�
C�
D�
�
…�
…�
…�
�
A�
C�
E�
�
…�
…�
…�
�
A�
D�
E�
�
…�
…�
…�
�
B�
C�
D�
�
…�
…�
…�
�
B�
C�
E�
�
…�
…�
…�
�
B�
D�
E�
�
…�
…�
…�
�
C�
D�
E�
�
C�
E�
D�
�
D�
C�
E�
�
D�
E�
C�
�
E�
C�
D�
�
E�
D�
C�
�



Total number of arrangements = 60





The number of distinct permutations of n objects of which n�1 are of one kind, n2 of a second kind, …, and nk of a k th kind is


� EMBED Equation.3  ���





The number of combinations of r objects chosen from n distinct objects is


� EMBED Equation.3  ���











(b) Example of a straight flush:


�����





(c) Example of a full house:


�����
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